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We report here a novel method of visualization to record Born’s probability densities in glass blocks by
the use of a recently developed three-dimensional laser technique. Conventional visualization methods cannot
simultaneously show all the characteristic features of an atomic orbital, whereas a real image in a glass block
in the present study allows us to recognize both the shape of the orbital and its wave character, such as the
existence of spherical, planar and/or conical nodes, at the same time. One can take this block in one’s hands
and observe it from an arbitrary direction, to gain clearly the whole image of probability density in it. To
show a physical image of the behavior of an electron in an atom is profitable for the understanding of atomic
orbitals. This method is the most appropriate to understand images of “the probability density”.
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1 Introduction

The Schrödinger equation (1) describing the behavior of
an electron in a hydrogen atom takes the form
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where h, m, e, and r are Planck’s constant, the mass of
an electron, the elementary charge, and the distance of
the electron from the nucleus. The atomic nucleus lies
on the origin, and x, y, z are the coordinates of the elec-
tron. The exact solutions of equation (1) are well known
to be expressed as wavefunctions χ1s, χ2s, � � � , χ2p, χ3p,
� � � , χ3d , χ4d , � � � , and their energy values En are deter-
mined by the principal quantum number n. The wave-
functions of a single electron are usually referred to as
orbitals, and their squares are called electron clouds. For
almost eight decades, scientists have been exploring how
to represent the physical meaning of the solutions of the
Schrödinger equation [1]. In 1926, Max Born proposed
that the square of the wavefunction gives the probabil-

ity density of finding an electron [2]. Suppose we could
photograph the position of a single electron at any partic-
ular instant; three-dimensional (3-D) photography would
enable us to assign coordinates to the electron [3]. The
probability density would be represented as an accumu-
lation of particles in a 3-D space. This concept is widely
accepted; however, there is not yet any method to visu-
alize the image of the probability density in a “real” 3-D
space.

Although a vast number of methods of orbital visual-
ization have already been reported [4–13], most of them
are two-dimensional (2-D) projections of 3-D pictures.
Shading or 3-D rotation technique helps us to image 3-
D pictures from 2-D projections. Real 3-D representa-
tions such as solid models also exist [4]. Even if they
accurately describe the shape of an orbital, they are not
sufficient by themselves. Their sharp boundaries often
mislead beginners that the electron moves along the sur-
face. They are far from being suitable images of “elec-
tron clouds” or “probability density”. A laser sculpture
method in a glass block has been employed for reproduc-
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ing the boundary surface features of the atomic orbitals
[5]. This paper deals with a novel application of the laser
technique to visualize the “real” 3-D probability densities
of the hydrogen atomic orbitals.

2 Methods

By some improvements of previously reported programs
[6, 7] for 2-D electron clouds, we developed a C-language
computer program to calculate the probability densities
of hydrogen atomic orbitals in a 3-D space. The probable
points (x, y, z coordinates) where we could find a single
electron were determined by the rejection method [14].
The practical processes are as follows.

(i) Let f (x, y, z) be a squared wavefunction. For ex-
ample, f (x, y, z) of the hydrogen 1s atomic orbital
is expressed by

χ2
1s �

1
π

exp��2r�� (2)

where r � �x2 � y2� z2�1�2
� (3)

(ii) The variables x, y, and z are defined in the range of
–R/2 to R/2 according to the size of the orbital.

(iii) A parameter M is so chosen that it is slightly larger
than the maximum value of f (x, y, z).

(iv) By utilizing uniform random numbers ui (0.0 � ui

� 1.0), the value F of f (x, y, z) at a trial point P (x
= v1, y = v2, z = v3) is calculated,

where vi � R�ui�
R
2

�i � 1�2�3�� (4)

(v) If � M � ui (i = 4), (5)

the point P is accepted, otherwise, rejected.

(vi) Procedures (iv and v) are repeated to get a desired
number of probable points.

In the f (x, y, z) expressed by equation (2), M was
0.319 au-3 and R was 12 au (1 au = 52.92 pm). The CPU
time taken to collect 50000 probable points for this or-
bital was only 18 s (on Octane, R12000, SGI Inc.). The
collected data were sculptured as 50000 small points in a
glass block, with a size of 60 � 60 � 60 mm3, by using
laser equipment (Rofin-Baasel RMS OSC-10).

3 Results and Discussion

In a typical textbook, the hydrogen 1s orbital (χ1s) is
represented as a spherical isosurface having a constant

function value or a boundary surface that captures a cer-
tain percentage of the probability of the 1s wavefunction.
This method represents well the symmetric character of
the χ1s orbital. However, it is impossible to represent the
characteristic features of the hydrogen 2s orbital (χ2s) by
the same technique. As shown in Figure 1(a), there ex-
ist two isosurfaces having an absolute function value of
0.027 au-3/2; one has a radius of r1 = 1.44 au (point A),
and the other has a radius of r2 = 4.00 au (point C). When
we draw the isosurfaces in a cube of R = 8 au, only the
outer surface (r2 = 4.00 au) can be detected (Figure 1(b)),
and the inner surface (r1 = 1.44 au) is completely hidden
by the outer surface. This is the most disadvantageous
aspect of the isosurface representation. To avoid this dis-
advantage, a semi-transparent [8] or mesh [9] technique
is sometimes adopted. For the same purpose, animation
to look into the inner part of the orbital was reported [10].
When the cube size R is taken smaller than 8 au, the inner
surface (r1 = 1.44 au) appears (Figure 1(c), Figure 1(d)).
The outer surface disappears at R = 4 au (Figure 1(e)).

Figure 1. Characteristic features of the hydrogen 2s or-
bital; (a): function value of χ2s orbital against distance
r from atomic nucleus. Points A and C correspond to
the radii of two concentric sphere shells having the same
absolute value of 0.027 au-3/2. Point B (r = 2.00 au) cor-
responds to the radius of the nodal sphere; (b)-(e): snap-
shots of an animation of hydrogen χ2s isosurfaces in a
cube of R � R � R au3. By changing the display region
R, the inner shell is shown.
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For a representation of the inner information of the
probability density of an atomic orbital, the cross section
[6, 7, 11] of the electron clouds is useful (Figure 2(a-c)).
Circular cross sections of spherical nodes (strictly, nodes
of the original orbital, not of the square of it) are clearly
shown as dark circles in Figure 2(b) and Figure 2(c). Fig-
ure 2(d) shows the images of the 3-D probability densi-
ties of the hydrogen 1s to 3s orbitals in the present study.
At a glance, they look like the cross sections in Figure
2(a), Figure 2(b), and Figure 2(c), respectively, because
they are 2-D projected photographs of the original pic-
tures in 3-D glass blocks. The original ones are basically
different from the cross sections from the following two
standpoints. First, the present model is a “real” 3-D or-
bital in 3-D space; on the other hand, the cross section
representation is a 2-D picture of the 3-D orbital. Sec-
ond, one can take this model in one’s hands and examine
it closely from every direction. This is the most advan-
tageous feature of this model. One can easily image the

3-D spherical shapes of the s orbitals, and not the 2-D cir-
cles or disks; one can recognize the inner information in-
cluding the spherical nodes, which are concentric spher-
ical shells instead of circular lines. It must be noted that
the present visualization method is the first one to display
both the shape of an orbital, which is characteristic of the
isosurface technique, and the inner information which is
characteristic of the cross section approach.

Figure 3(a) shows the images of the 3-D probabil-
ity densities of the hydrogen 2pz to 4pz orbitals in glass
blocks. One can recognize the planar node (Figure 3(a))
and the spherical node (Figure 3(a), center and right) at
the same time. The similarity of the shape of each pz or-
bital is also recognized. In the conventional isosurface
representations (Figure 3(b)-Figure 3(d)), the spherical
nodes are hard to recognize from the view along the z
axis (Figure 3(c), Figure 3(d), bottom), because the outer
surface in 3pz or 4pz completely hides the inner surfaces.

Figure 2. Representations of the probability density of hydrogen s orbitals. Among the probability densities of the cross
section of hydrogen 1s (a), 2s (b), and 3s (c) orbitals [7], the inner nodes are represented in (b) and (c). Images of the 3-D
probability densities of hydrogen 1s, 2s, and 3s orbitals in a glass block show the spherical shape of the orbitals together
with the inner nodes (d).
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Figure 3. Comparison of probability density representations with the isosurface technique of hydrogen pz orbitals. Images
of the 3-D probability densities of hydrogen 2pz, 3pz, and 4pz orbitals in a glass block are shown in (a). Isosurfaces of
hydrogen 2pz, 3pz, and 4pz atomic orbitals are represented in (b), (c) and (d), respectively. The views from the z axis
((b)-(d) bottom) are essentially identical.

The 3-D probability density of the hydrogen 3d3z2
�r2

orbital in the present study (Figure 4(a)) seems to have no
torus (doughnut), which is the characteristic shape of the
isosurface representation (Figure 4(b)). This difference
in the orbital shape is based on the fact that the plot of
probability density is obtained for the whole space in the
cube, whereas the isosurface technique represents only
surfaces having the same absolute function value. Some
applications of orbital visualization are freely available
on the Internet: “Atom in a box” [12], “Hydrogen Atom
Viewer” [13], and so on. For example, “Atom in a box” is
a piece of public domain software, presented by Dauger
Research Inc., to visualize hydrogen atomic orbitals. This
program traces a ray of light through a 3-D cloud density
that represents the probability density of wavefunctions

and presents the results in real-time. The representation
of 3d3z2

�r2 by this program gave a picture that was al-
most the same as Figure 4(a). The familiar isosurface
representation of 3d3z2

�r2 (Figure 4(b)) is only a “men-
tal model”. The actually existing shape is that of “Atom
in a box” or the present study (Figure 4(a)). “Atom in a
box” is an excellent program to represent a 3-D probabil-
ity density with high speed (up to 48 frames per second
[12]). The rotation with high speed of electron clouds
compensates for the 2-D output on a cathode ray tube or
on a liquid crystal display; nevertheless, it is essentially
a virtual method to image a 3-D object from a 2-D out-
put. It is complicated to image a shape by rotating the
picture on the display with a mouse and it is impossible
to observe the whole shape at a glance.
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Figure 4. Representations of the hydrogen 3d3z2
�r2 orbital. The probability density in a glass block is shown in (a).

Conventional isosurface representations, (b-1) and (b-2), differ from the real 3-D picture in (a).

Exactly speaking, “clouds” are not an appropriate ex-
pression for a single electron. Schrödinger interpreted
that the square of a wavefunction represents the elec-
tron density [15]. This description, which sometimes ap-
pears even in recent papers [16–18], considers a mass of
“clouds” having mass and electric charge. If an elec-
tron is described as “clouds”, the Schrödinger equation
(1) for hydrogen atomic orbitals must contain an expres-
sion of electron repulsion. But it does not include any
such term. If we could detect a single electron, it would
give us only a single particle image. We can never detect
a fragment of a cloud. The representation of electron den-
sity has proved to be very useful in practice. However, it
cannot be justified so rigorously as the probability den-
sity interpretation [3]. The present study agrees with the
above discussion because the probability density defined
by Born [2] is represented as an accumulation of detected
particles.

4 Conclusion

The real image of an atomic orbital is produced by means
of a novel method of visualization to record Born’s prob-
ability densities in glass blocks by the use of a recently
developed three-dimensional laser technique. Solid mod-
els or the isosurface method are suitable for the represen-

tation of the shape of an orbital, while the cross section
is suitable for the representation of the inner informa-
tion. These conventional methods of visualization can-
not simultaneously show all the characteristic features of
a hydrogen atomic orbital. Furthermore, we cannot ex-
clude the possibility that such models give us an incor-
rect image for an atomic orbital as shown in the hydro-
gen 3d3z2

�r2 orbital. On the other hand, a real image in
a glass block in the present study can be freely taken in
our hands, to visualize the shape and the existence of in-
ner information about the probability density. This is the
first example that allows us to recognize both the shape of
the orbital and its wave character, such as the existence of
spherical, planar and/or conical nodes, at the same time.

We would like to thank Professor Kozo Kuchitsu for his
helpful comments and discussion. This work was partly
supported by Grants-in-Aid for Scientific Research from
Japan Society for the Promotion of Science.
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