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Figure 1. Absolute errors of interpolation for (a) wave
functions with quantum numbers v = 0-7 at centers of the
interval h using Lagrange interpolation of degree 3 and
degree 9, and for (b) wave function with v = 0 as a func-
tion of the degree of Lagrange interpolation for h = 1/64,
1/32, 1/16, and 1/8 [15]. Absolute values are taken for the
errors; Reprinted with permission from 10OP Publishing.
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Table 1. Orthonormal integrals (v

v’} with quantum numbers v and v’ of the harmonic os-

cillator [15]. CDIF: Central-difference integration formula with the degree 8. GHE: Gauss-
Hermite quadrature rule with exact integrand at 14 abscissas. GHI: Gauss-Hermite quadra-
ture rule with interpolated integrand at 14 abscissas. Reprinted with permission from 10P

Publishing.

W\ CDIF GHE GHI

(0j0)  1.000 000 000 000 000  1.000 000 000 000 000  1.000 000 000 000 000
(1)1)  1.000 000 000 000 000  0.999 999 999 999 999  1.000 000 000 000 000
(2|2)  1.000 000 000 000 000  1.000 000 000 000 000  1.000 000 000 000 000
(313)  1.000 000 000 000 000  1.000 000 000 000 000  1.000 000 000 000 000
(4/4)  0.999 999 999 999 999  0.999 999 999 999 999  1.000 000 000 000 000
(5/5)  1.000 000 000 000 000  1.000 000 000 000 000  1.000 000 000 000 000
(6/6)  1.000 000 000 000 000  1.000 000 000 000 000  1.000 000 000 000 000
(7|7)  1.000 000 000 000 000  1.000 000 000 000 000  1.000 000 000 000 000
(8/8)  0.999 999 999 999 999  1.000 000 000 000 000  1.000 000 000 000 000
(919)  0.999 999 999 999 999  0.999 999 999 999 998  1.000 000 000 000 000

Others  0.000 000 000 000 000  0.000 000 000 000 000  0.000 000 000 000 000
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Figure 4. (a) Relative errors in eigenvalues for quantum numbers v = 0-9 as a function of degree n of the second
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method and ME denotes the matrix elements. (b) Absolute errors in wave functions for v = 0-9 as a function of
degree n of the second derivative formulas. Absolute values are taken for the errors; Reprinted with permission

from IOP Publishing.

Table 2.

Eigenvalues of the discretized matrix equation and matrix elements

Ey = (v| - (d/dx)? + V(x) |[v) / (v|v) with quantum number v of the harmonic oscillator by
using central-difference integration formula [15]. The fifth column is the maximum of the
absolute value of the absolute error for the wave functions (MAVAEWF); Reprinted with
permission from 10P Publishing.

Quantum No. Eigenvalue E, Exact MAVAEWF
0 1.00000000000025D+00  1.00000000000000D+00 1.0 1.512D-13
1 3.00000000000027D+00  3.00000000000000D+00 3.0 2.476D-13
2 4.,99999999999982D+00  4.99999999999999D+00 5.0 3.552D-13
3 7.00000000000025D+00  6.99999999999996D+00 7.0 3.413D-13
4 9.00000000000025D+00  8.99999999999987D+00 9.0 4.165D-13
5 1.10000000000002D+01  1.09999999999996D+01 11.0  2.358D-13
6 1.30000000000002D+01  1.29999999999991D+01 13.0  2.212D-13
7 1.49999999999993D+01  1.49999999999980D+01 15.0  3.189D-13
8 1.69999999999998D+01  1.69999999999959D+01 17.0  4.456D-13
9 1.90000000000004D+01  1.89999999999922D+01 19.0  2.548D-13
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Figure 5. Absolute errors in the numerical solutions
of the initial-value problems for the ordinary differen-
tial equations (ODESs) using the linear multistep method
(LMM) for the harmonic oscillator [16]. The ordinate is
the absolute value of the errors and the abscissa is coor-
dinate x. The quantum state is taken from v = 0-7. Exact
eigenvalue and exact eigenfunction are taken for the ini-
tial values. The ODE is solved from x = 10 to x = 0 with
the step-size h = 1/64 using the implicit formulas (a) 2_1,
(b) 4.1, (f) 62, (k) 8_1, (v) 10_4; Reprinted with permis-
sion from Elsevier.
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Table 3. Comparison of exact and computational results using the shooting method presented here and other methods for
the harmonic oscillator with V(x) = x? [16]. The formula 10_4 with h = 1/32 is used and v is the quantum number. Matrix
elements of the wave function E, = (v| - (d/dx)? + V(x)|v) /(v|v); LAVAEWF is the largest absolute value of the absolute
(not relative) error in the wave functions. The underlining indicates erroneous digits; Reprinted with permission from

Elsevier.

Quantumno.  Eigenvalue Ey Exact LAVAEWF Other methods

v SLEIGN2 (a) SLCPM12 (b)

0 9.99999999999950D-01 9.99999999999999D-01 1.0 1.055D-14  9.99999999999693D-01  1.00000000008220D+00
1 2.99999999999993D+00  3.00000000000000D+00 3.0 7.161D-15  3.00000000000071D+00  3.00000000005223D+00
2 5.00000000000005D+00  4.99999999999998D+00 5.0 1.749D-14  5.00000000000113D+00  4.99999999998599D+00
3 7.00000000000015D+00  6.99999999999996D+00 7.0 6.745D-14  6.99999999999918D+00  7.00000000005347D+00
4 9.00000000000004D+00  8.99999999999984D+00 9.0 5.640D-14  9.00000000000215D+00  8.99999999997320D+00
5 1.10000000000000D+01  1.09999999999996D+01 11.0 8.732D-14  1.10000000000054D+01  1.09999999999966D+01
6 1.29999999999998D+01  1.29999999999992D+01 13.0 9.556D-14  1.30000000000005D+01  1.30000000000202D+01
7  1.50000000000001D+01  1.49999999999979D+01 15.0 5.054D-14  1.50000000000002D+01  1.49999999999268D+01
8  1.70000000000004D+01  1.69999999999955D+01 17.0 2.259D-13  1.70000000000022D+01  1.70000000000204D+01
9  1.90000000000003D+01  1.89999999999919D+01 19.0 2.769D-13  1.89999999999939D+01  1.89999999999413D+01

CPU-time (seconds) 0.2604 (c) 47.84 (d) 0.2003 (e)

(a) The whole interval is (e, +e0) and the boundary conditions are limit points.

(b) The whole interval is the same one used in the present method.
(c) CPU-time for eigenvalues, eigenfunctions and matrix elements.
(d) CPU-time for eigenvalues.

(e) CPU-time for eigenvalues and eigenfunctions.
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Numerical Methodsfor the Eigenvalue Deter mination of
Second-Order Ordinary Differential Equationsand Their
Applicationsto Quantum M echanics

Hideaki ISHIKAWA

Semiconductor Leading Edge Technologies, Inc. (Selete)
16-1 Onogawa, Tsukuba-shi, 305-8569, Japan
e-mail: ishikawa.hideaki@selete.co.jp

Numerical methods for the eigenvalue problem of second-order ordinary differential equations are pre-
sented. One is the discretized matrix eigenvalue method and another is the shooting method. In the former
method, derivative with respect to spatial coordinate is discretized, thus the ordinary differential equation is
transformed into matrix eigenvalue problems, then the matrix eigenvalue problems are solved numerically.
The latter method has three steps. Firstly, initial values for the eigenvalue and eigenfunction at both ends are
obtained by using the discretized matrix eigenvalue method. Secondly, the initial-value problem is solved
using new, highly accurate formulas of the linear multistep method. Thirdly, the eigenvalue is properly cor-
rected at the matching point. The efficiency of the proposed methods is demonstrated by their applications
to bound states for the one-dimensional harmonic oscillator and anharmonic oscillators, the Morse potential
and the modified Pdschl-Teller potential in quantum mechanics.

Keywords: Eigenvalue problem, Ordinary differential equation, Discretized matrix eigenvalue method,
Shooting method, Harmonic oscillator, Anharmonic oscillator, Morse potential, Modified Pdschl-Teller po-

tential
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