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We are going to demonstrate how group theory can be used for the detection, classification and valida-
tion of systems of related stereo centers in molecules. At the core of the formalism, which is suitable for
computer programming and has been tested against ten million organic compounds, lies an analysis of the
transformational properties of the molecule in terms of the action of those symmetry operations that conform
to its graph theoretical structure while possibly modifying its stereochemical properties.

Keywords: Group actions, Wreath products, Molecular graphs, Stereochemistry, Graph automorphism groups,

Graph canonisation

1 Introduction

Chemical structure processing is beyond pure graph the-
ory, one of the most prominent reasons being the presence
of stereochemical information. In organic chemistry, by
far the most important stereocenters are of the tetrahedral
or olefinic type, cf. Figure 1. Subjecting the four lig-
and atoms either of a tetrahedron or of an olefinic center
to an odd permutation will switch its orientation. In the
tetrahedral case the new orientation will be the mirror im-
age of the original one (an instance of chirality), whereas
in the olefinic case the two orientations are unrelated (the
stereocenter is non chiral). More complex situations arise
in crystallography or when several individual stereocen-
ters interact. The key to the understanding is the action of
the configuration symmetry group, i.e., the group of those
operations that leave our stereo orientation invariant; pre-
cise definitions will be given in the next section. This has
been established as a general principle in [1] and solves
the case of individual stereocenters almost completely.
There is one reservation. The stereo information in
Figure 1 is only genuine, if the four ligand atoms are
“different”. Two ligands are indistinguishable if they can
be exchanged by a symmetry operation which leaves the
focus invariant, unless this operation modifies the stereo
configuration of some other center. A familiar example
for the latter effect occurs in spiro compounds [2](p.157)
(cf. Figure 7), where three tetrahedral centers are located
at opposite positions of two connected rings. A particular
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challenge is presented by inositol [3](p.707) (cf. Figure
8), where each atom of a hexagonal ring is stereogenic:
there are nine configurations, two of which are chiral op-
posites of each other. In order to distinguish the chiral
stereoisomers it must be checked if a certain enumera-
tion of the six ring atoms runs clockwise or counterclock-
wise. A possible way of dealing with composed systems
of stereocenters would be to consider configuration sym-
metries on the union of all their ligand sets. However, the
complexity of this approach is intimidating: in the case
of inositol we would have to deal with six times four lig-
ands, some of which overlap. In addition, most structure
processing systems will fail to deduce the ring orientation
necessary to identify the two chiral isomers.

Figure 1. Tetrahedral (left) and olefinic stereocenter
(right). Solid wedge bonds denote “up” bonds, while
“down” bonds will be denoted by shaded wedge bonds
(e.g. Figure 5). No other way to convey stereochemical
information (such as line thickness, perspective drawing
etc.) will be considered in our paper.
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Fortunately, there is an easier approach, exploiting
group theoretical methods to greater strength. A sym-
metry operation acting on our molecular graph has two
effects on stereo information: it permutes the stereocen-
ters and it modifies their orientation. The traces cut out
by these actions are characteristic for certain combina-
tions of stereocenters and can be used for their recog-
nition. The action on n stereocenters will be described
by a subgroup of the wreath product [4](§1.10) Sy T
of the symmetric group S, and the “group of configura-
tions” (the group N/R in the notation of section 3) of the
stereogeometry under consideration. In the tetrahedral or
olefinic cases T is the two element group, because there
are only two configurations. Moreover, the size of this
subgroup will be small, about the size of the symmetry
group of the considered configuration. For inasitol this
is the dihedral group D(6) and hence contains twelve ele-
ments.

2 Stereocenters

A stereo descriptor consists of four pieces of data:
1. A focus, which may be either an atom or a bond.
2. A geometry type, e.g. tetrahedral, allenic, olefinic.

3. The list of atoms [p1,--- pn], Whose positions dis-
tinguish between different orientations of the ge-
ometry, and which we will call the carrier of the
stereo descriptor.

4. The group of those permutations of the carrier
that leave its orientation invariant (in the exam-
ples above precisely the even permutations), which
will be called the rotation group of the correspond-
ing geometry type. Thus a permutation © € Sy
is a rotation if and only if the carriers [p1,--- pnl
and [Pr(1), - Pr(n)] determine equivalent stereo de-
scriptors.

For example, in Figure 2, the focus is the atom 1, the ge-
ometry type is “tetrahedral”, the carrier is the list of atoms
[2, 6,11, 7] and the rotation group is the alternating group
As.

10—11
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Figure 2. Spiro[5.5]undecane
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In [1] the term configuration symmetry group is used
for the group of rotations; see [5, 6] for bibliographies.
The focus only serves for visualization and is otherwise
dispensable. We will tacitly assume that any symmetry
operation leaving the focus fixed also fixes the carrier set-
wise, or else disregard the focus and use the latter prop-
erty as definition of the stabilizer group of a stereocenter.
We note in passing that the full symmetric group S, acts
from the right on the stereo descriptors with given geom-
etry and fixed focus: If D has the carrier [p1,--- pn] and
T € Sy, then we denote by D™ the stereo descriptor with
carrier [Pr(1),+ Pr(ml-

We assume that we have an efficient way of com-
puting the automorphism group of a molecular graph in
terms of its generators; these generators are customar-
ily obtained as spinoff during graph canonisation [7, 8].
From these it is easily possible to derive generators of
stabilizer subgroups for instance by the Schreier’s lemma
[4](Thm.1.12).

Let G be a group of automorphisms acting from the
left on our molecule. Then, evidently, G also acts from
the left on the stereo descriptors of a given geometry: For
a stereo descriptor D with focus po and carrier [p1,--- pn]
and ge G we denote by gD the stereo descriptor with fo-
cus gpo and carrier [gp1,--- gpn]. The actions of G and
Sh commute.

The stereocenter’s stabilizer group Gg, to be under-
stood as the setwise stabilizer of the carrier, requires more
investigation. Gg induces a permutation i of the sequence
[P1.--- pm] uniquely determined by the rule gpi=py, i.e.
gD=D™. Defining o(g)=nt we obtain an antihomomor-
phism o: Gg — Sp.

We can now test the validity of our stereo descriptor
D as follows.

Definition 1 The stereo descriptor D is called admissible
with respect to the automorphism group G if the entire
image a(Go)C S is contained in the rotation group.

In the example given in Figure 2, the stabilizer group
Gy is the eight element subgroup of the symmetric group
S11 generated by the elements

(123 456 789 10 11
1=\l1 6 5 4 3 2 7 8 9 10 11
(1234586 7 8 9 10 1
2“1 2 3 4 5 6 11 10 9 8 7
(1234 5 6 789 10 1
=1 7 8 9 10 11 2 3 4 5 6

Notice that h; turns the right hexagon once over, hy
turns the left hexagon once over, and hz switches the two
hexagons. Hence oa(h;) is the transposition (2,6), a(hz)
is the transposition (7,11), and ou(h3) is the permutation
(2, 7)(6, 11). On the other hand, the rotation group of the
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tetrahedral center is the alternating group A4 which does
not contain any transpositions, hence the tetrahedral cen-
ter is not admissible. Yet a chemical structure diagram is
quite likely to be drawn that way in order to visualize the
spatial arrangement of atoms: the right hexagon is per-
pendicular to the left with atom 2 lying above the paper
plane. An automatic structure processing system must
recognize the alleged stereo descriptor as fake and disre-
gard it before registering the structure with a database.

3 Composed systems of stereo de-
scriptors

There exist stereo descriptors which are not admissi-
ble in their own right but nevertheless exhibit stere-
ogenic behavior in conjunction with other stereo de-
scriptors. An example is provided in Figure 3. The
carbon atoms 1 and 4 carry non admissible tetrahedral
stereo descriptors Dy and D4. The automorphism group
of the molecule is Klein’s four group generated by the
axial reflection hy and the rotation h, with relations
h12:h22:h1h2h1'1h2'l:12

ho_(123 4568
1=\1 6 5 4 3 2
(1234568
2=\ 45 6 1 2 3

Only ring atoms are listed. h; leaves both foci invariant
but acts as transposition of the two ligand carbon atoms;
since this is an odd permutation of the stereo descriptors’
carrier they are not admissible. However, every automor-
phism either fixes both stereo descriptors’ orientation or
changes them coherently, so that the system consisting of
both can be expected to be of stereochemical relevance
and must be taken into account when registering the sub-
stance with a database. Note that one can conceive of a
similar molecule with stereo descriptors located on three
of the carbon atoms or on all six of them.

We set ourselves the task to recognize the presence
of composed systems of stereocenters and describe their
configuration. Let us suppose that after analyzing the ad-
missibility of stereocenters in definition 1 some non ad-
missible stereo descriptors remain, and let us consider a
subset Dy,--- Dy of them, all of which shall be of the
same geometry. The latter requirement only serves to

H3C\1/6_5\4/C'
o \2_3/ \CH3

Figure 3. 1,4-dichloro-1,4-dimethylcyclohexane
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simplify our presentation; more general cases such as the
one depicted in Figure 4 can be treated by the same tech-
nique but with more cumbersome details. Suppose also
that we are given a group H acting from the left on the in-
dex set {1,--- m}. In Figure 3 this would be Klein’s four
group, whereas for three resp. six stereo descriptors the
dihedral groups D(3) or D(6) would occur. Furthermore,
for each element he H and every index i an isomorphism
Bhi: Zi~ Zn(i) has to be specified, where Z; denotes the
carrier of stereo descriptor D;. These isomorphisms de-
scribe the alteration of orientations of stereo descriptors
affected by the operation of H. They are subject to the
following conditions:

1. For all indices i the isomorphism B1i: Zi~ Z;j is a
rotation.

2. For each element he H, every index i and every
rotation p of the carrier Z; of D; the conjugate
BripBhi~! is a rotation of the carrier Zyiy-

3. For any two elements g, he H and each index i the
composition Bg’hfi[.’)g,h(i)ﬁhi is a rotation of Z;.

We observe that this definition does not alter if the stereo
descriptors D; are replaced by rotated descriptors D;jfi; to
see this one simply has to replace the isomorphisms Bp;
by Pﬁ(})BhiPi-

Thus equipped we may now define the rotation group
of the system D;--- Dy. A rotation consists of an el-
ement he H and, for each index i, an isomorphism ;:
Zim Zp(jy such that vy Bhi ! is a rotation for each i. Us-
ing conditions 1-3 it is straightforward though tedious to
check that these rotations indeed constitute a group under
the obvious law of composition.

A more concise description of all this may be given
as follows. Let RC S, denote the rotation group of our
stereo geometry and consider the normalizer N= { & € S,
|mt Rm =R} of Rin Sy N is the largest subgroup of
Sp such that R is a normal subgroup of N. There is a ho-
momorphism (ad, B): H— Smx(N/R)™, where ad: H—
Sm is the adjoint map corresponding to the operation of
H on {1,--- m} and the semidirect product Sy, x (N/R)™ is
formed with respect to the obvious operation on the ex-
ponent of the right factor. This construction is known as
the wreath product [4](§1.10) of the groups Sy, and N/R.
Then the rotation group R of our system of composed
stereo descriptors is obtained as pullback diagram (also
called fibre product [9](Ch.1 §4.8 p.46)):

C
H,C s
cl H
Figure 4.  (1S)-1-chloro-4-ethylidene-1-methylcyclo-
hexane
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R Sm x N™

| |

H (ad, P) Sm x (N/R)™

RoperatesonZ:= {1, --- m} x {1, --- n} by (h, m)(i, j):=
(h(i), mi(j)) and thus reveals itself as the rotation group
of the abstract carrier Z. It contains (#H)(#R)™ elements,
but fortunately it is not necessary to write them down to
check if a given permutation y of Z is a rotation. Instead,
one considers the induced permutation ¥ € Sy, of the in-
dex set {1, --- m} and the switch of orientations y; € N/R
from y D; to Dy(i) and checks if there exists an element
he H operating just that way, i.e., ad(h)=Y and B(h)=(y:).

Figure 3 shall serve as illustration. Here m=2, H is
Klein’s four group H=Z, x Z, and the rotations are the
alternating group R=A4. Since A4 is a normal subgroup
of the full symmetric group N=S4 and N/R=Z>. S, acts on
(N/R)2=Z; x Z by switching the factors, thus arises the
semidirect product Sy x (Z2 x Z>). We define the homo-
morphism (ad, B): Zo x Zy — Sy X (Z2 X Z>) by specify-
ing its values on the generators h; and h, used in section
3. ad(gi)e Sz is the action of gj on the index set {1, 4},
so ad(hy) is the identity and ad(h,) is the transposition.
h; reverses the orientation of both stereo descriptors and
h preserves both orientations, so B(h1)=(1, 1)€ Z X Z>
and B(h2)=(0, 0).

R 52 X (54 X 34)
Zip X Lo (ad. B) Sy X (Zz X Zz)

Identifying hy with (1, 0)e Zjy x Z», hy with (0, 1)e
72 x 77 and denoting by T € S, the transposition we can
write ad(ms, mz)=t™ and B(ms, mz)=(my, m;). Then R
becomes the set of all quintuples (my, mz, o, ®1, m2),
mie€ Zy, 6 € Sy, Wi € S4 such that =ad(mz, my)=tm and
sign(my), sign(mz)) =p(m1, mz)=(m1, m1). Hence we can
dispense with m; and my and identify R with the set of
all triples (o, m1, m2) such that sign(ry) = sign(m2). We
must observe that the group law in R is not simply coor-
dinatewise multiplication, but instead (G, m1, T2) (o, 71,
T2)= (60, To(1) M1, Tg(2)T2)-

In the example above the rotation group R turned out
to be a subgroup of Smx N™. This is quite general: it
holds whenever (ad, B): H— Spx(N/R)™ is a monomor-
phism, which may be assumed without loss of generality,
because a kernel element would act trivially on the index
set as well as on the stereo descriptor orientations and
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hence could be considered non physical.

Our method has been tested against the Beilstein
database with more than ten million organic compounds.
We discuss here the most common structures encoun-
tered.

All individual stereocenters presented here are of the
tetrahedral type. The number of carrier atoms is given
by n=4, and the rotation group RC S, of orientation pre-
serving carrier transformations is given by the alternating
group R=Ay4. Since A4 is a normal subgroup of the full
permutation group S4 we have N=S4, and the factor group
N/R=S4/A, is the cyclic group Z, of order 2. It will be
convenient to write Z, as multiplicative group consisting
of the two elements +1.

The construction of the geometry of a composed sys-
tem of m stereocenters requires us to specify a subgroup
HC SmxZ,™, which will be done by listing the elements.
An element of H will be a sequence (m, €1, ---&y) con-
sisting of a permutation © € Sy, and a sequence of num-
bers gi=t1. We observe that the law of composition
is given by the semidirect product rule (w, €1, ---€m)
(P, 01, +++Om)=(mp, €5(1)81, +*+€p(m)Om)- A listing of
such elements will then appear as a table containing in
its first column the permutation x in disjoint cycle no-
tation [10](p.40) and the elements €1, ---em in m fur-
ther columns. The (m+1)-tuple (w, €1, --- €m) denotes
a transformation such that the stereocenter with index i
is shifted to position wt(i) and hereby preserves its orien-
tation if and only if €;=1. The transformation tables ob-
tained hereby will serve two purposes: to recognize the
geometry of composed systems of stereocenters and to
distinguish their different configurations.

We emphasize that transformations are more general
than symmetries: symmetries are precisely those trans-
formations which preserve the orientation of all stereo-
centers and can easily be recognized by having g;=1 for
all i.

4 Pairsof stereocenters

The easiest situation is that of two tetrahedral stereocen-
ters D1 and D, located at opposite positions in a ring
as in Figure 5. The group H consists of the four el-
ements in Table 1. We observe that turning trans-1,4-
dimethylcyclohexane into its opposite cis configuration
would require the transformation (id, -1, 1) which is not
included in H. Hence our approach properly distinguishes
different configurations. Reflection at the plane of draw-
ing produces the transformation (id, -1, -1) contained in
H, therefore the molecules are non chiral.

J. Comput. Chem. Jpn., Vol. 6, No. 4 (2007)



A .
Table 1. The group H for two interdependent stereo de-
scriptors. The symbol id stands for the “identical” per-
mutation leaving all elements fixed.
T €1 €2

id 1|1

5 id |—-1|-1
T2 1 |1
—O (,2) | -1| -1

Figure 5. A: cis-1,4-dimethylcyclohexane and B: trans-
1,4-dimethylcyclohexane.

B Cl Cl
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Figure 6. A: (20,40,,601)-2,4,6-tris(trichloromethyl)-1,3,5-trioxane and B: (2,4a.,6[)-
2,4,6-tris(trichloro-methyl)-1,3,5-trioxane.

Table 2. The groups H for the three cyclically interdependent stereo descriptors of

Figure 6.

A T € | & | €3 B s € | & | €3

1 id 1 1 1 |x 1 id 1 1 1 | x
2 id —1(-1|-1 2 id -1|-1|-1

3 (1,2 1 1 1 3] 1,2) |-1|-1|1

41 (,2) | -1]-1|-1]|x 41 (1,2 1 1| -1|x
5| (1,3) 1 1 1 5/ (,3) |-1| 1 | -1

6| (1,3) |-1|-1]-1]x 6| (1,3) 1|11 |x
7 (2,3 1 1 1 71 (2,3) 1 1 1

8| (2,3) |-1|-1]-1]x 8| (2,3) |-1|-1|-1]x
91(1,2,3) | 1 1 1 |x 9/(,2,3)| 1 |-1| 1
10((,2,3) | -1| -1 | -1 10((1,2,3) | -1 1 |-1]x
111 (1,3,2) | 1 1 1 |x 111(1,3,2) | 1 1 |-1
121(,3,2) | -1| -1 | -1 12((1,3,2) | -1 |-1| 1 |x
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5 Three cyclically related stereo-
centers

Now the molecules in Figure 6 shall be investigated. In
Table 2 we label the transformations actually occurring in
the molecule by x. In the left table pertaining to the cis
configuration row 9 corresponds to the “vertical rotation”
of the ring by 2r/3, row 8 corresponds to the “horizon-
tal rotation” around the axis connecting center 1 with the
opposite oxygen by r and row 7 corresponds to the pla-
nar reflection at the vertical plane containing the same
axis. These three elements generate the entire group: all
other elements are obtained as compositions. \We observe
that no graph automorphism will ever realize the planar
reflection, because the atom map that would affect this
reflection reverses the sense of orientation of the ring and
consequently of the stereocenters: the resulting transfor-
mation is the horizontal rotation mentioned above. Nev-
ertheless, the planar reflection must be added to our trans-
formation group to identify the configuration depicted in
Figure 6 with its mirror image with all stereo bonds fac-
ing down. The transformation (id, -1, -1, -1) in row 2 is
the composition of rows 7 and 8 and clearly shows that
the molecule is not chiral.

There also is a purely algebraic reason for adding the
“formal” transformation a7 in row 7: denoting the group
element in row i by o; one shows azogozt=0;; and
o70g07 t=0g.  Since the elements og and og generate
the subgroup of “actual transformations” this subgroup is
normalized by o7, and if axiom 1 (cf. section 9) shall be
satisfied o7 must be included in the transformation table.

The right table (B) describes the trans configuration
and is similar with rows 10, 8 and 7 containing verti-
cal rotation, horizontal rotation and planar reflection. As
above, axiom 1 tells us that row 7 must be included. We
observe that the left table (A) is symmetric (cf. section
9) with respect to any index permutation while the right
table (B) is symmetric with respect to the transposition
(2, 3). In the latter case we cannot improve symmetry
by adding more transformations because then H would
encompass the entire group Sz x Z5°.

6 Three linearly related stereocen-
ters

Figure 7 shows (Rj)-spiro[5.5]undecane-3,9-diol and
(Sa)-spiro[5.5]undecane-3,9-diol. In these molecules all
three stereo centers are dependent of each other. Num-
bering the stereo centers from left to right results in the
transformation table that is given in Table 3. We observe
that it is possible to rotate each of the two rings sepa-
rately and to switch the rings, giving a totality of eight
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symmetry operations for this molecule (those marked by
x). The two possible configurations of this molecule are
properly distinguished because their relation would have
to be furnished by an operation like (id, 1, 1, -1) not con-
tained in the Table 3. The molecule is chiral and therefore
the transformation (id, -1, -1, -1) is not contained in H.

A
o 1 3yl o
B
o 1 3 o

Figure 7. A: (Ry)-spiro[5.5]undecane-3,9-diol and B:
(Sa)-spiro[5.5]undecane-3,9-diol.

Table 3. The groups H for the three stereo descriptors of
Figure 7.

T €1 €2 €3
1 id -1(-1| 1 |x
2 id 1] 1 |-1|x
3 id 1 (-1|-1]|x
4 id 1 1 1| x
50 (23 |[-1]-1]1
6| 23) |-1] 1 -1
70 (23 [ 1 |-1]-1
8] 23) |1 |11
9 (1,2) [-1]-1[1
0 (1,2) [-1[ 1 [—1
1| (1,2) |1 [-1]—1
2] 1,2 |11 1
1B3[(1,23) |-1]-1|1
(123 -1 1 -1
5[(1,23) | 1 [-1]|-1
61,231 11
7132 |-1]-1]1
18[(1,32) -1 1 -1
191,321 [-1]-1
20 (1,321 |11
21 (1,3) |-1|—-1| 1 |x
22 (1,3) |[-1| 1 [-1]x
23] (1,3) |1 |—1|-1]x
24 13 |1 |1 |1 |x
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Figure 8. A: D-chiro-inositol and B: L-chiro-inositol.

Table 4. Pair and triple configurations on hexagons.
inositol | 1,4 2,5 36 [135]| 24,6
cis cis cis cis cis cis
epi cis cis | trans | cis | trans
allo trans | trans | cis | trans | trans
myo trans | cis | trans | trans | cis
muco cis cis cis | trans | trans
neo trans | trans | trans | trans | trans
scyllo | trans | trans | trans | cis cis
D-chiro | cis cis | trans | trans | trans
L-chiro | cis | trans | cis | trans | trans

OO N[OOI W DN~

Now let us suppose we break the symmetry of the
molecules by substituting one of the OH-groups with a
methyl-group. This will limit the “actual” transforma-
tions in our table to rows 1-4, but, paradoxically, we must
enlarge the group if we want to comply with axiom 1 be-
cause this four element subgroup is normalized by the
transformation ((1, 2, 3), 1, 1, 1) (row 16). Adding it
creates a total of 16 new elements as compositions. The
complete 24 element group now has the advantage of be-
ing symmetric with respect to any permutation of Sz (cf.
9) and therefore simplifies the recognition test.

7 Hexagonal structures

There are nine different configurations of inositol
[3]1(p.707). Inscribed in the hexagon we find three pairs of
related stereocenters located on opposite atoms and two
triples of stereocenters located on equidistant triangles.
The diastereomers 1-7 are differentiated by these systems
(cf. Table 4), while the two chiral configurations 8 and 9
(cf. Figure 8) are not. To distinguish between these we
work out their transformation properties in Table 5.

The symmetry group of the hexagon is the dihedral
group Dg, that may be identified with the subgroup of the
full symmetric group Sg generated by the vertical rotation
(1, 2, 3, 4, 5, 6) and the horizontal rotation (1, 2)(3, 6)(4,
5). The permutations obtained hereby constitute the first
columns of the transformation tables. The two generators
appear in rows 2 and 8, and the remaining elements are
compositions.

http://www.sccj.net/publications/JCCJ/

Table 5. The groups H for the chiral configurations of
inositol as depicted in Figure 8.

T €1 €2 €3 €4 €5 €6

1 id 1 1 1 1 1 1

2| (1,23456) | 1|1 |-1|-1]-1]1

3| (1,35)(246) | 1|—-1] 1| 1]|-1]1

41 (1,40250B6) | 1 [ 1 [-1]1]1 -1

5| (1,53)(264) | —1|—-1]|-1|-1] 11

6| (1,65432) | 1 |—1] 1 |-1]-1]—1

71 (26)35 |-1|1 [-1]-1]-1]1

8] (1,2)36)(45 | 1 |1 |1 |1 ]1]1

9 (1,3)(4,6) 1|11 -1]-1]-1

10 | (1,4)(2,3)(5,6) | -1 | -1 |-1]|-1] 1 | 1
11| (1,5)(2,4) 111|111
12](1,6)25@4) | 1|11 1[-1]-1

Both configurations have the same transformation
properties. The distinction between them can be achieved
by the sense of orientation of the hexagon: a polar ar-
row denoting the sense of rotation obtained by turning
the hexagon following the numbered atoms increasingly
will point in the same direction as the bond at atom 1 in
the case of L-chiro-inositol and the opposite otherwise.
Both configurations are chiral, in fact they are mirror im-
ages of one another, and consequently the planar reflec-
tion (id, -1, -1, -1, -1, -1, -1) is contained in neither trans-
formation group.

8 Thepentagonal structure

Our friends, the vertical and horizontal rotations and the
planar reflection can be found in rows 7, 9 and 10 in the
left table and rows 8, 5 and 6 in the right table. Both
transformations encompass “formal” transformations in
addition to the actual ones marked by x, in particular the
planar reflections in rows 10 (left table) and 6 (right ta-
ble). As in section 5 it can be shown that their presence is
enforced by axiom 1. Both configurations are non chiral.

Both transformation tables are conjugate subgroups
of Ss x Z5°, the conjugation being accomplished by the
pentagram ordering o=((1, 3, 4, 2) , 1,--- 1). It suf-
fices to check the conjugacy relation for the generating
elements. Denoting the element in row i of the left ta-
ble by o; and the element in row j of the right table by
Bj, we have co76™1=P1s, coo=Ps and couoo=Pe.
Consequently, when submitting one of the structures
cyclopentane-pentol to the recognition test both transfor-
mation tables will match: one with the stereocenters in
correct cyclic ordering and the other in pentagram order-
ing. An analysis of transformational properties alone will
not reveal the correct match, instead a reference to the ge-
ometry has to be made to find out which stereocenters are
connected by bonds.
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Table 6. The groups H for the two pentagonal structures of Figure 9.

A b €1 | €& | €3 | € | €5 B b €1 | €& | €3 | €4 | €5
1 id -1|-1|-1|-1]-1 1 id -1|-1|-1|-1]-1
2 id 1 1 1 1 1| x 2 id 1 1 1 1 1 | x
3] (2,5@B,4) |-1|-1|1 1 |-1|x 3] 2,5@B,4) |11 |-1]-1]1]|x
41 (2,5)(3,4) 1 1 |1-1|-1|1 41 (2,5)(3,4) 1 |-1]1 1]1-1
5/ (1,233,5 |-1|-1|-1| 1 |-1 5| (1,2(3,5 | -1|-1|-1]-1|-1]|x
6| (1,2)(3,5) 1 1 1 |-1] 1 |x 6| (1,2)(3,5) 1 1 1 1 1
71(1,2,3,45)|-1|-1|-1] 1 |-1]|x 71(1,2,3,45 | -1 1 |-1|-1|1
81(1,2,3,4,5) | 1 1 1 |-1]1 8](1,2,3,45 | 1 (-1 1 1 |-1|x
9| (1,345 |-1|-1|-1]-1|-1]|x 9| (1,3y4,5 | -1 1 |-1|1 1
10| (1,3)(4,5) 1 1 1 1 1 10 | (1,3)(4,5) 1 |-1] 1 |-1|-1]|x
111 (1,3,5,2,4) | -1 | -1 1 1|-1 111(1,3,52,4) | -1 |-1| 1 |-1]-1]|x
12 | (1,3,5,2,4) | 1 1 |-1|-1| 1 |x 12 1 (1,3,5,2,4) | 1 1 |1-1|1 1
13| (1,4)(2,3) |-1|-1(-1|-1| 1 13 (1,4)(2,3) |-1|-1|-1|-1] 1
14| (1,4)(2,3) 1 1 1 1 |-1|x 141 (1,4)(2,3) 1 1 1 1 |-1|x
151 (1,4,2,5,3) | -1 | 1 1 1 |-1|x 151(1,4,2,53) | -1 | -1|-1|-1] 1 |x
16 (1,4,2,5,3) | 1 |-1|(-1|-1| 1 16 | (1,4,2,5,3) | 1 1 1 1]1-1
171 (1,5,4,3,2) | -1 | -1|-1]-1] 1 | x 17 1 (1,5,4,3,2) | -1 | 1 | -1| 1 1 | x
18| (1,5,4,3,2) | 1 1 1 1|-1 181(1,543,2)| 1 |-1| 1 |-1]-1
19| (1,5)(2,4) | -1 1 1 1]-1 19 (1,5)(2,4) |-1|-1| 1 |-1]-1
20| (1,5)(2,4) 1 | -1|-1|-1|1|x 20| (1,5)(2,4) 1 1111 1 | x

0

Figure 9. Two configurations of cyclopentane-pentol

9 Appendix: Symmetry in systems
of stereocenters

Our analysis of putative systems of stereocenters Dy, ---
D, consists of observing their transformational behav-
ior under symmetry operations and comparing it to a list
of known transformation groups HC S x (N/R)™. Since
the individual stereocenters may show up in arbitrary or-
der we have to work out the effect of replacing the orig-
inal sequence by a shuffled up sequence (D1, --- Dp)=
(Dos(1), -+ Dg(my) for a permutation ¢ € Sy. There arise
two questions:

1. If the sequence D, --- Dy, constitutes an admissi-
ble system of stereocenters, does the same hold for
the permuted sequence Dg(1), -+ Dg(m)?

2. And if yes, do both determine the same configura-
tion?
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We consider a symmetry operation of our molecule and
denote by (h, ti)€ Smx (N/R)™ its effect on the configura-
tion of our system. This means that under this particular
symmetry the system Dy, --- Dy, corresponds to the sys-
tem Dy3)™, -+ Dpm)™. The shuffled up system Dy, ---

D i into O °W 57 o(m) i
Dy, is transformed into DG,th(l),--- o-tho(m) * € the

original transformation is replaced by its conjugate (o,
1)2(h, m;)(o, 1). We conclude that question 1 has a pos-
itive answer if and only if for any occurring (h, m;) its
conjugate (o, 1)X(h, m;)(c, 1) belongs to our transforma-
tion group H.

Since the system Dy, --- Dy, is obtained from Dy, - -
D by application of (o, 1) question 2 can be answered
affirmatively if and only if (G, 1)e H.

We summarize:

Lemma 1 We suppose the geometry of our composed
system of stereocenters is described by the transforma-
tion group HC Sy x (N/R)™, and the symmetry operations
of a molecule under consideration act like a subgroup
Ho C H. Shuffling up our system by a permutation ¢ € Sy,
does not affect the admissibility of the system if and only
if (5, 1) Ho (o, 1)C H, and it does not alter the configu-
ration of our system if and only if (G, 1)€ H.

Manifestly, it must not happen that a permutation ¢
transforms an admissible system into another admissible
system of different configuration. To avoid this anomaly
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our transformation group H must satisfy the following
axiom:

Axiom 1 If for a permutation ¢ € Sy, (o, 1) normalizes
H, (o, 1)*H(o, 1)C H, then (o, 1) itself must belong to
H.

Axiom 1 is satisfied in all our examples. We say that
H is symmetric with respect to ¢ if the conclusion of ax-
iom 1 is satisfied.

We explain the subtle distinction between the “for-
mal” transformations constituting group H and the “ac-
tual” transformations lying in the subgroup Ho C H in
the context of the three linearly connected stereocenters
of section 6: Only transformations 1-4 and 21-24 are ac-
tually possible, all the others have been added for formal
reasons. However, if the molecule’s symmetry is broken
for instance by replacing one of the two hydroxy groups
by, say, bromine, Hy is further restricted to the four trans-
formations 1-4. This is somewhat perilous, because this
subgroup is normalized by (o, 1) for any permutation
G € Sy, even allowing the central position to be placed
at the end. To ensure that the configuration remains unaf-
fected each (o, 1) must be included in H. Together with
group elements obtained by composition we arrive at a
total of 24 transformations, at most eight of which can be
actually realized by symmetry operations.

The situation where H is symmetric with respect to
any permutation is desirable because then the result of
the recognition test is independent of the order in which
our stereocenters Dy, --- Dy, are submitted. In more gen-
eral situations various orderings have to be considered,
some causing the test to fail and others to accept, but in
the case of acceptance always producing the same con-
figuration provided axiom 1 is satisfied. Instead of trying
all m!' permutations one should perform a preselection
singling out impossible ones from the start. That can eas-
ily be done if our stereocenters constitute a polygon of
size m, e.g. in section 7 with m=6, because then the di-
hedral group Dy, will operate on the molecule. Among
these symmetry operations there will be two generating
rotations p by an angle £2n/m moving each vertex of the
ring one step ahead. For m=3, 4, 6 these rotations are
the only rotations of order m, so they can be recognized
by purely algebraic properties. Pick any one atom of the
ring, call it p and use the stereocenter located here as D1,
the one on p(p) as D, and the one on p*%(p) as Dx. The
ordering of stereocenters you arrive at will be cyclically
correct. You may have to reverse the sense of orientation
or pick a different starting point, but this leaves you with
only 2m possibilities to try instead of the factorial m!.

For all other m different from 3, 4, 6 there is a pit-
fall. The case m=5 is conspicuous: All four non trivial
rotations are of order five. This is the algebraic disguise
of the geometric fact that the pentagon and an inscribed

http://www.sccj.net/publications/JCCJ/

pentagram (cf. Figure 10) have the same transformation
group. Erroneously ordering the atoms using the rotation
by 4n/5 as a generator will lead to the pentagram ordering
0, 2, 4,1, 3. We already noticed the role played by this
permutation in section 8.

Figure 10. Pentagon and pentagram have the same trans-
formation group.
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