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This paper describes a computer program which constructs crystal structure
models using the Monte Carlo and the R-factor method from powder X-ray di�rac-
tion data. In order to study an unknown crystal structure by the Rietveld method,
a correct structure model must be prepared in advance. This is usually very di�cult
when no information is available about the structure. A program which automat-
ically constructs a crystal structure model of the object material would simplify
the task of solving the structure of the powdered material by the Rietveld method.
This program, which sets atomic positions by the Monte Carlo method, requires
XRD data, cell constants, a space group, a chemical formula, and a Z-number (the
number of the formula in a unit cell). Wycko� positions and coordinates of in-
dependent atoms in a unit cell are selected by random numbers, and theoretical
XRD data are calculated. The R-factor of the model is calculated from theoretical
and observed XRD data. Hundreds of models of a low R value are selected and
stored. As atoms of the stored model concentrate in a particular area, search areas
are restricted to the vicinity of these atoms, a process which minimizes the total
calculation time. Using this program and a personal computer (Pentium 166), the
structure of brookite (TiO2, Z=8) and forsterite (Mg2SiO4, Z=4) could be solved
within one or two days, which demonstrates that this method is a powerful tool to
solve the structure of powder materials.
Keywords: Crystal Structure Analysis, X-ray Powder Di�raction Data, Monte
Carlo method, R-factor method, Crystal Structure Model

1 Introduction

The Rietveld method is an e�ective tool to determine the precise crystal structure of powder
crystalline materials. It re�nes crystal structure parameters such as atomic coordinates and
temperature factors. However, the Rietveld method can not �nd structure models by itself,
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since it requires a starting model. Relatively correct initial data must be prepared to solve
the non-linear equation. In other words, the structure model of the target material must be
provided. When no structural information about the material is available, it is very di�cult
to make a structure model. In a previous paper, we proposed a calculation program based on
a packing analysis method [1]. This program searches suitable atom arrangements in a given
unit cell from a simple rule stating that \inter-atomic distances must be larger than the sum
of each atomic radius." This method was useful to �nd the atomic arrangements of simple
inorganic materials. However, in the case of complicated materials, it could not �nish the
calculation within reasonable time because the program must check all possible arrangements.
We here propose a new method based on the combination of the Monte Carlo method and the
R-factor method which can be applied to a crystal structure with several independent atoms.
This program makes crystal structure models from XRD data, cell constants, a space group, a
chemical formula, and a Z-number in a reasonable amount of time using a personal computer.

2 How to construct structure models

Indexed powder di�raction data, from which cell constants are calculated, are indispensable to
start crystal structure analysis. Candidates of the space group are narrowed down to several
groups by cell constants and extinction of di�raction. Whenever available, information about
the symmetry of the di�raction pattern from TEM is useful. A chemical formula and speci�c
gravity lead to a number of formulae in a unit cell (Z-number). Optimizing isotropic temper-
ature factors is not necessary because intensities are not signi�cantly a�ected by temperature
factors. What is necessary is to �nd the correct positions of independent atoms in a unit
cell. Our proposed method makes structure models as follows. First, the program arranges
atomic coordinates in an asymmetric unit at random and calculates the theoretical X-ray pow-
der di�raction pattern on the basis of the space group, the cell constants, and the isotropic
temperature factors (B=1.0). Then, the program calculates the R-factor of this model from
the theoretical and the observed X-ray di�raction data. Based on the R-factors, the struc-
ture models are selected and stored. In the calculation process, the following points should be
considered.

2.1 Axis setting

In a tetragonal or a hexagonal system, for example, c-axes must be 4-fold or 6-fold, respec-
tively, and are uniquely determined from powder di�raction data. However, in some cases, the
direction of the unit cell axes of an orthorhombic system is not determined uniquely. In this
case, one axis is named in three ways as a-, b-, or c-axis and six cell settings are possible. If a
space group has glide planes, a distinction must be observed in speci�c directions. For exam-
ple, forsterite, whose space group is Pnma, shows the following extinction, viz. (1)0kl:k+l=2n,
(2)hk0:h=2n, (3)h00:h=2n, (4)0k0:k=2n, and (5)00l:l=2n. The observed peak of d=3.880�A,
indexed as 210 from the cell constants a=10.195, b=5.981, and c=4.756, satis�es the above-
mentioned extinction law. If we indexed by other cell constants, a=4.756, b=5.981, c=10.195,
the index of the same di�raction peak would become 021, which does not satisfy the extinction
law, and the calculated intensity of this peak would be zero. In this case, it is easy to eliminate
wrong axis settings. However, when it is not possible to determine the correct axis setting by
the extinction law, all possible arrangements must be tried.
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2.2 Wycko� position

If there are many probable Wycko� positions for one atom, one position must be selected from
all candidates. Let us take forsterite as an example: it has the formula, Mg2SiO4, its Z-number
is 4, and it belongs to space group Pnma. There are eight magnesium (Mg) atoms, four silicon
(Si) atoms, and sixteen oxygen (O) atoms in a unit cell. Wycko� positions of Pnma are 4a, 4b,
4c, and 8d [2]. As there are eight Mg atoms in a unit cell, Mg atoms make it possible to locate
two di�erent Wycko� positions of multiplicity 4 (described as 4+4) or one 8d(8) position. Si
atoms must be located at the positions of multiplicity 4(4). Oxygen atoms must be located by
combinations such as (8+8), (4+4+8), or (4+4+4+4). The total number of combinations is
2�1�3=6 sets. All these combinations must be checked.

2.3 Asymmetric unit

The search area must be restricted to an asymmetric unit, and positions of all other symmet-
rically dependent atoms are calculated by symmetry operations. Sometimes, a pair of models
brought into coincidence by translation, rotation, or reection to the other is found. Two mod-
els which are related by translation share the same structure with a di�erent origin. When
the space group only has the symmetry operation of the �rst kind, a pair of models related by
mirror or inverse is produced. They are an enantiomorph of the other. Restricting the search
area to an asymmetric unit of the Chesire group is e�ective to reduce the total calculation time
and eliminate duplicates[3].

2.4 Discrimination function

Di�raction intensities mainly depend on atomic coordinates. When the number of di�raction
peaks is not enough in comparison to the number of atomic coordinates which we can move as
variables, the obtained results frequently converge to a local minimum. Many peaks overlap
in powder data, and it is not easy to increase the observed di�raction peaks. We introduced
a discriminant to avoid falling to a local minimum. The worst structure models show unreal-
istic atomic arrangements such as improper localization of cations, unreasonable coordination
numbers, or heavy distortion in coordination polyhedral. Using the following criteria, incorrect
models are eliminated: (1) Pauling's 1st rule, which states that the inter-atomic distances must
be larger than the sum of each atomic radius, must be applied; (2) Crystal lattice energy must
be reasonably small.

2.5 Calculation process

A structure model-assembly program was then built taking the above points into account. After
users indicate the possible Wycko� position arrangements, the program searches the suitable
structure model automatically by the following process:
[preparation]
(1) Produce all possible indexes and sort them by d-value;
(2) Calculate the multiplicity of di�raction and the Lp factors of each index;
[1st stage] Search in an asymmetric unit
(3) Choose Wycko� positions for each independent atom at random;
(4) Set the variable atomic coordinates by a random number;
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If the inter-atomic distances are larger than the sum of each atomic radius, the model is
accepted;

(5) Calculate the theoretical XRD pattern and R-factor;
(6) Sort the obtained models by the R-factor in small order and store the top 300 models;
(7) When the R-factor becomes smaller than a value �xed in advance, the process proceeds to

the 2nd stage;
[2nd stage] Search the atomic position in a restricted area.
(8) Select one structural model made in the �rst stage and move each atom around the initial

positions at random. If the R-factor becomes smaller than that of the initial model, the
newly obtained model is adopted;

(9) Repeat the above calculation and, if the R-factors converge, proceed to the next stage;
[3rd stage]
(10) Calculate the lattice energy and eliminate incorrect structural models;

If necessary, repeat the above cycle two or three times;
(11) Print out the obtained structure models.

3 Example for calculation

3.1 Brookite (TiO2)

The structure model of brookite was produced by the crystal data described in JCPDS Card
No. 29-1361[4], including the space group, the chemical formula, the Z-number, and the cell
constants (Table 1). The space group of brookite reported in JCPDS Card No. 29-1361, Pcab,
was changed to Pbca, the standard lattice setting described in International Tables Vol. A (IT).
Cell parameters were changed to a=9.189, b=5.4558, and c=5.1429�A. There are eight titanium
atoms and sixteen oxygen atoms in a unit cell. As the multiplicity of general position is eight, it
is assumed that one independent Ti atom and two independent O atoms exist on 8c positions.
In the �rst stage, 300 models were selected from 600 thousand produced by a random number.
The change of the coordinates of independent atoms in an asymmetric unit (05 x,y,z5 1/2) of
the best 100 models was projected on 001 planes (Figure 1). As the number of loops increased,
the area in which each atom exists became clear. In the second stage, the search area for the
independent atoms was narrowed down to the vicinity of the atoms of the obtained models,
and the R-factors were dramatically reduced (Figure 2). The R-factor decreased linearly to
the logarithm of the Monte Carlo number. If the search area were not reduced, 6�107 Monte
Carlo numbers would be required. This process reduces calculation time dramatically as well
(1/30). Eight models giving the best R-factors were obtained. Atoms were situated in mirror
symmetry by the (100) plane with x=1/4, the (010) plane with y=1/4, and the (001) plane
with Z=1/4. These models were in enantiomorphic relation. Searching all asymmetric units of
the space group was not necessary. The Ti atom could be found in the asymmetric units of the
Chesire group (05 x5 1/4, 05 y5 1/4, 05 z5 1/4). The �nally obtained crystal structural
model and the observed and calculated XRD data after 2.58 million loops are listed in Table 2.

3.2 Forsterite (Mg2SiO4)

The crystal structure of forsterite was solved from the data of JCPDS 21-1260. The initial
data used for the calculation are listed in Table 3. There were 6 possible arrangements of atom
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Table 1. Input data for brookite

Formula TiO2

Z-number 8
Space Group Pbca
Cell constants a=9.182 b=5.456 c=5.143�A
Atoms valence atomic radius Wycko� position
Ti1 4 0.70 8c
O1 -2 1.30 8c
O2 -2 1.30 8c

For X-ray di�raction data used in calculation, see Dobs. and Iobs in Table 2.

Table 2. Obtained structure models for brookite

R-factor= 0.046
obtained structure reference structure*

atom w.p. x y z x y z
Ti 8c 0.129 0.104 0.138 0.1290 0.0972 -0.1371
O 8c 0.006 0.093 -0.199 0.0101 0.1486 0.1824
O 8c 0.237 0.161 0.461 0.2304 0.1130 -0.4629

Dobs. Dcal. Iobs. Ical. H K L
3.510 3.513 100 100 2 1 0
3.470 3.466 80 81 1 1 1
2.900 2.901 90 90 2 1 1
2.729 2.728 4 3 0 2 0
2.476 2.476 25 23 1 0 2
2.409 2.410 18 18 0 2 1
2.370 2.369 6 8 3 1 1
2.344 2.345 4 4 2 2 0
2.332 2.331 4 3 1 2 1
2.296 2.295 5 3 4 0 0
2.254 2.255 8 9 1 1 2
2.244 2.243 18 18 2 0 2
2.133 2.134 16 15 2 2 1
1.969 1.969 16 21 3 0 2
1.893 1.893 30 30 3 2 1
|{ 1.871 | 2 0 2 2
1.851 1.852 13 15 3 1 2

*:reference structure is derived from Wycko�[5]
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Figure 1. Convergence of atomic coordinates of brookite. Ti, O1 and O2 positions in
asymmetric unite of best one hundred models after 3�103, 3�104, 3�105 and 3�106

Monte Carlo trials are projected on (001) plane. All atoms concentrate to each circles in
the asymmetric unit which shows the real atomic position.

positions, as described earlier. The R-factor convergence of 6 arrangements was compared from
30 thousand models, and arrangements of Wycko� positions (4+4) for Mg and (4+4+8) for O
were selected for further calculation because they gave the best R-factor. After 30 million Monte
Carlo trials, the program proceeded to the second stage. Although no theoretical parameters
were available to indicate the exact timing to start the second stage, this timing was estimated
by the experimental parameter of the di�erence between the R-factors of the top and the 300th
model. If the di�erence became smaller than 0.1, it could be concluded that the calculation
converged. In the second stage, the same process mentioned in the case of brookite was applied.
In this stage, the R-factor decreased dramatically and reached the real structure model. The
used XRD data from JCPDS 21-1260 and the calculated XRD data from the obtained crystal
model are listed in Table 4.

4 Conclusion

The combination of the Monte Carlo method and the R-factor method can solve simple oxide
and silicate structures on the basis of indexed powder di�raction data and chemical formulae.
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Figure 2. Change of R-factor. R-factor decrease linearly to the
logarithm of Monte Carlo number in the �rst stage and decrease
dramatically after the search range was narrowed.

Table 3. Input data for forsterite

Formula Mg2SiO4

Z-number 4
Space Group Pnma
Cell constants a = 10.195 b = 5.981 c = 4.756�A
Atoms valence atomic radius Wycko� position
Mg1 2 0.40 4a 4c
Mg2 2 0.40 4b 4c
Si1 4 0.40 4a 4b 4c
O1 -2 1.30 4a 4b 4c
O2 -2 1.30 4a 4b 4c
O3 -2 1.30 8d

For Xray di�raction data used in calculation, see Dobs. and Iobs. in Table 4.
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Table 4. Obtained structure model for forsterite

R-factor= 0.118
obtained structure reference structure*

atom w.p. x y z x y z
Mg 4a 0 0 0 0 0 0
Mg 4c 0.283 0.250 0.000 0.280 0.250 -0.013
Si 4c 0.101 0.250 0.443 0.098 0.250 0.433
O1 4c 0.086 0.250 0.783 0.092 0.250 0.790
O2 4c 0.464 0.250 0.211 0.449 0.250 0.219
O3 8d 0.168 0.022 0.272 0.163 0.038 0.277

Dobs. Dcal. Iobs. Ical. H K L
5.100 5.098 20 20 2 0 0
4.310 4.310 1 2 1 0 1
3.880 3.880 64 62 2 1 0
3.720 3.723 22 14 0 1 1
3.500 3.497 15 13 1 1 1
3.480 3.477 14 15 2 0 1
3.010 3.006 6 4 2 1 1
2.991 2.991 18 15 0 2 0
2.764 2.765 62 0 3 0 1
2.579 |{ 1 {
2.509 2.510 80 65 3 1 1
2.457 2.457 100 100 1 2 1
|{ 2.378 { 1 0 0 2
2.344 2.345 12 16 4 1 0
2.316 2.316 10 6 1 0 2
2.267 2.267 44 41 2 2 1
2.246 2.245 30 32 3 2 0
2.160 2.155 20 20 2 0 2
|{ 2.103 { 1 4 1 1
2.030 2.027 5 1 2 1 2

*:reference structure is derived from Wycko�[5]

170



This method is useful for X-ray crystal structural analysis. Atom positions in a unit cell were

searched approximately in the �rst stage and precisely in a restricted area in the second stage.

This process, which reduces the total calculation time, can be carried out with a small personal

computer. Its most signi�cant advantage is that it does not require preliminary knowledge

about the structure. As machine power increases, our method will become more e�cient to

solve more complex structures.
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モンテカルロ法とＲ因子法による
結晶構造モデル作成プログラム

三浦 裕行*, 菊地 武

北海道大学理学研究科地球惑星科学専攻 〒 060-0810 札幌市北区北 10条西 8丁目
*e-mail: hiro@ep.sci.hokudai.ac.jp

粉末Ｘ線回折デ－タをもとに結晶構造を自動的に探索するプログラムを作成し、
有効性を確認した。リートベルト法においては計算のもとになる構造モデルをあら
かじめ与える必要があり、構造未知の物質に対しては大変困難な作業となる。本プ
ログラムは粉末Ｘ線回折デ－タ、格子定数、空間群、組成式、Ｚ数をもとに空間群
で決められた対称を満足するように個々の原子を乱数で配置してモデルをつくり、
Ｒ因子を用いて選別することにより真の構造モデルを探索する。原子位置が収束し
てきた段階で、探す範囲を得られたモデルの原子位置の近傍に限定することにより
全体の計算時間を大きく短縮することが可能である。Pentium-166のパーソナルコ
ンピューターを用いて brookite (TiO2, Z=8) および forsterite (Mg2SiO4, Z=4) の
構造を２日以内で解くことができた。
キーワード : Crystal Structure Analysis, X-ray Powder Di�raction Data, Monte

Carlo method, R-factor method, Crystal Structure Model
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